We present a detailed analysis of the dynamics of Bloch oscillations of Bose-Einstein condensates in disordered lattice potentials. Due to the disorder and the interparticle interactions these oscillations undergo a dephasing, reflected in a damping of the center of mass oscillations, which should be observable under realistic experimental conditions. The interplay between interactions and disorder is far from trivial, ranging from an interaction-enhanced damping due to modulational instability for strong interactions, to an interaction-reduced damping due to a dynamical screening of the disorder potential.
Bloch oscillations (BOs) constitute one of the most fundamental quantum phenomena for particles in periodic potentials. Under the influence of a constant force, particles in such potentials undergo an oscillatory motion instead of being linearly accelerated [1, 2] . Although BOs are strongly linked to the dynamics of electrons in solids, they have not been observed in bulk crystalline materials so far, since lattice imperfections such as defects and phonons damp the coherent electronic motion before a single BO cycle is completed. The first observation of BOs was achieved in so-called semiconductor super lattices [3] , which exhibit much larger periodicities. However, disorder also leads to a fast decay of the BOs in these systems.
On the contrary, ultra-cold gases in optical lattices provide perfect periodic potentials, with neither defects nor phonons. As a consequence, these systems open unprecented possibilities for the detailed analysis of quantum transport in lattices, and in particular for the observation of BOs with very long lifetimes [4] . However, in spite of their perfect periodicity, optical lattices allow for the controlled introduction of different types of disorder [5, 6, 7, 8] . Recent experiments have analyzed the effects of controlled disorder on the properties of ultracold gases [9, 10, 11, 12, 13, 14] . These experiments have clearly shown that ultra-cold gases are indeed very promising systems for the analysis of the intriguing interplay between disorder and interparticle interactions. This paper is devoted to the analysis of this interplay in the BO dynamics of Bose-Einstein condensates (BECs) in tilted optical lattices. The dynamics of BOs is usually analyzed in terms of the Wannier-Stark (WS) energy ladder in such systems. Any disorder introduces an unequal spacing in this ladder and thus leads to a damping of the BOs. In addition, the BOs are non-trivially modified by the interactions in the system. Strong interactions enforce damping, due to dynamical instability. However, weak interactions can cause a dynamical screening of the disorder potential, prolonging the lifetime of the BOs [15] . Although quasi one-dimensional systems allow for a qualitative understanding of the physics involved, in typical experimental conditions radial excitations play a non-negligible role. In this paper we therefore first develop a qualitative understanding of the dynamics of BOs in the 1D case and then extend our analysis to the experimentally relevant 3D case. Finally, we discuss a method for the observation of damped BOs by analyzing the momentum distribution in time-of-flight (TOF) measurements.
Consider the quasi-1D case, in which a BEC at low temperature is so strongly confined by an harmonic trap of frequency ω ⊥ in the xy plane, that the chemical potential µ is much smaller then the transverse level spacing µ <<hω ⊥ . Under these conditions, the 1D dynamics of the condensate wave function Φ along the z-axis, is given by the Gross-Pitaevskii-equation (GPE) [16] 
where m denotes the atomic mass, and g = 4πa sh ω ⊥ is the 1D coupling constant, with a s the s-wave scattering length. V (z) denotes an external potential of the form (2) i.e. a superposition of an axial harmonic trap with frequency ω, a tilted potential with slope F , a disorder potential V dis (z), and a lattice potential of periodicity d = π/k, and depth s in units of the recoil energy E r =h 2k2 /2m. The condensate ground state in the superimposed harmonic and lattice potential serves as the initial state for our simulations of the dynamics. Figure 1 shows the averaged position z(t) = dz Φ * zΦ for a Rubidium condensate, with ω ⊥ = 2π × 200 Hz, d = 412.5 nm, s = 5 and F d/E r = 0.05, for different particle numbers N , axial trap frequencies ω, and disorder depths. As disorder potential, we consider Gaussian noise with correlation length L ≃ 3.3 µm. We define the disorder depth, V ∆ as twice the standard deviation from its mean value, according to [9, 11] . The BO damping can be understood from a simplified analysis in the tight-binding regime. In this regime, we may project the condensate wavefunction into the Wannier basis of localized states |n , where n labels the lattice sites. Φ n ≡ n|Φ is provided by the discrete non-linear Schrödinger equation (DNLSE) [17] 
where ǫ n denotes the external (possibly disordered) potential and U the on-site interaction energy.Ĥ 0 is the Hamiltonian for the tilted lattice in the absence of both disorder and interactions,Ĥ 0 Φ n = −J n (Φ n+1 + Φ n−1 ) + F dnΦ n , with hopping constant J, and tilting potential F dn. In absence of disorder and interactions, the particles perform BOs with frequency ω BO = F d/h, and amplitude z BO = 2Jd/hω BO . The eigenstates ofĤ 0 are the WS states [18] , |W m = n J n−m |n , where J n ≡ J n (z BO ) is the Bessel function of first kind. The eigenenergies form the well-known WS-ladder E 0 m = mhω BO . We project the DNLSE in the W S basis ψ m ≡ W m |Φ
Ifhω BO is much larger than other energy scales we can neglect terms in (4) that introduce energy jumps larger thanhω BO , i.e. we can employ rotating-wave-approximation (RWA) arguments.
In the RWA the disorder preserves ρ m ≡ |ψ m | 2 , just providing a shift E 0 m + B mm . Note, that on a longer time scale of several BOs the RWA may fail and the disorder eventually leads to a transfer of population between WS states. The interactions can, even in the RWA, lead to a transfer of population between WS states. However, sinceρ m ∼ ρ 2 m whereas the phase ϕ m of ψ m evolves aṡ ϕ m ∼ ρ m , we may consider ρ m as being constant (at least at short time scales of few BOs) if the atomic wavepacket is sufficiently broad [21] . In that case, the energy of the WS states becomes
with Γ e n ≡ A n,n n,n , and Γ 0 n ≡ A n+1,n n+1,n . Hence, the energies of the WS states are not equidistantly spaced, the wavepacket undergoes dephasing, and as a consequence the BOs are damped. In addition, the BEC width experiences a breathing dynamics [21] , as shown in Fig. 2 . This figure shows (at least during the first BOs) a good agreement between our results from a direct simulation according to equation (3) and those obtained using WS states ψ m (t) = ρ m (0)e −iEmt/h , where E m is given by (5). Let us now discuss the intriguing role of the interactions on the BOs in more detail. In the lower panel of Fig. 1 , a stronger damping then in the single particle case can be observed for large nonlinearity (see the curve for N = 700). This interaction-induced damping is related to the so-called dynamical instability [19, 20] . This instability occurs when the quasi-momentum reaches the outer parts of the Brillouin zone and small perturbations of the condensate wave function grow exponentially in time [19] . This mechanism becomes predominant with growing nonlinearity, strongly damping the BOs.
On the contrary, the BO damping may be significantly reduced compared to the single particle case for weak nonlinearity (see the curve for N = 350). This effect is caused by an interaction-induced dynamical screening of the disorder [22] and can be qualitatively better un-derstood with an alternative semi-classical description of the BOs. In the regime of weak nonlinearity, we can assume that the dynamics occurs within the lowest Bloch band, and that the dynamical instability is irrelevant on the time-scales considered. Let us denote the exact mean field potential obtained by solving the GPE (1) by V mf (z, t) = g|Φ(z, t)| 2 , and consider the effective single particle problem, for a particle in the lowest Bloch band under the influence of V mf (z, t), the tilting force F and the disorder V dis (z). The single particle Hamiltonian is given by H ef f = −2J cos(kd) − Fẑ + V dis (ẑ) + V mf (ẑ, t). In the quasi-momentum picture,k → k, andẑ = i∂/∂k. We assume that the bare amplitude of the BOs, z BO is much smaller then the spatial spread of the initial wave function. This in turn implies a very narrow initial momentum distribution, centered at k 0 , so that, in the absence of disorder and nonlinearity (zero-order solution),ẑ(t) ≃ẑ (0) 
We solve it pertubatively by inserting the zero order solution. Again, assuming a sharp initial momentum distribution we obtainẑ(t) ≃ẑ(0) − z BO cos{
In order to calucalte the dephasing rate the latter expression has to be averaged over the initial spread ofẑ(0). A reasonable estimate of the rate is
Note that, when acting alone, both disorder and nonlinearity lead to the damping of the BOs. However, when acting together, they may compensate each other if the product of the time averaged forces due to disorder and nonlinearity averaged overẑ(0) is negative, qualitatively explaining the dynamical screening of the disorder observed in Fig. 1 . In the previous discussion we have constrained our analysis to the somewhat simplified quasi-1D regime, where the xy dynamics is absent. However, typical experiments are not performed in this regime, and transversal excitations of the condensates may signficantly alter the BO dynamics. Hence a quantitative description of the BOs demands a three-dimensional GPE simulation. We maintain a cylindrical trap, and hence we simplify our 3D calculations by assuming cylindrical symmetry of the wavefunction around the z-axis. Since experiments typically detect BOs by observing the velocity distribution, we analyze the expectation value of the axial velocity Figure 3 shows the case of N = 5 × 10 4 particles, for the same lattice tilting considered before, but for trap frequencies ω z = 2π × 14Hz, ω ⊥ = 2π × 35Hz, lattice depth s = 2, and a disorder potential of depth V ∆ = 0.02 E r and correlation length L ≃ 10µm. These parameters are well attainable experimentally [11] , and hence our simulations show that the damping of BOs can be studied under realistic conditions. For the large number of atoms considered here, damped BOs are observed even in the absence of disorder due to a fast damping by the dynamical instability. Under these conditions our 3D results clearly deviate from the expected quasi-1D results, due to the development of a complex radial dynamics shown in Fig. 4 , due to instability of the radial excitations. Hence, although the dynamical instability is also encountered in 1D, the full computation of the dynamics does require the careful consideration of the radial degree of freedom. Finally, we discuss a method for the experimental observation of damped BOs. A direct measurement of the damping in position space constitutes a very difficult task, since the oscillation amplitude is typically too small for an in-situ measurement. TOF measurements provide a much better method. Due to the very fast decrease of the mean-field energy during the TOF, the expanded density distribution provides an approximative image of the momentum distribution n( p) of the sample at the moment of release. Figure 5 shows the momentum distribution at various stages during the BOs. In the absence of disorder, the quasi-momentum q scans the Brillouin-zone due to the acceleration introduced by the tilting force (q = F/h) [18] . Consequently, the population of the different momentum components changes, resulting in a co- herent oscillation of the mean momentum. The spectrum consists of several sharp peaks, which are separated from each other by the lattice momentum p B = 2hk. Hence, the density distribution after an expansion time τ consists of several small clouds, well separated from each other by ∆z = 2p B τ /m. This picture changes when disorder is introduced to the system. The initial sharp momentum components are progressively broadened, eventually reaching an irregular occupation of momenta. This broadening originates from the irregular energy spacing of the WS states and leads to a broadened density distribution after TOF. Note, that on long time scales, a significant broadening of the momentum components is also introduced by the interactions in the absence of disorder, as shown in Fig. 5 . However, a very clear distinction between the ordered and disorderd case is possible on time scales of up to a few BO periods. Moreover, our 3D simulations of the expansion dynamics show that it is possible to observe a clear separation between the center of mass position for the ordered and disordered lattices under realistic conditions, due to the differences in the expected value of the momentum in both cases (Fig. 3) . Also note that Fig. 5 shows the axial momentum distribution for zero transversal momentum, which is significantly reduced during the time evolution. This reflects the previously mentioned excitation of transverse modes. In summary, both disorder and interactions separately lead to BO damping. However, when acting simultaneously the interactions may partially screen the disorder, leading to a reduction of the BO damping. We have shown that the interplay of disorder and interactions may be observed under realistic experimental conditions by monitoring the evolution of the momentum distribution of the system. Although we were mainly interested in disordered lattices, similar results may be obtained for lattices in the presence of inhomogeneous forces, as e.g. spatially inhomogeneous Casimir-Polder forces close to surfaces. It has recently been proposed that the frequency shift of BOs of lattice fermions can be an excellent way of measuring such tiny forces [23] . The monitoring of BO damping and the sample width may provide an excellent way of proving the inhomogeneity of these forces.
